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The polarization effects in the one-meson radiative decay of the polarized τ lepton, τ− →
π−γντ , have been investigated. We present the analytical results for the t−distribution of
the partial differential widths, which responsible for different polarization phenomena, in
the case of the photon energy cut: ω > X . These quantities depend on the invariant mass
squared t of the pseudoscalar meson and photon and the photon energy cut X. Our analytical
formulae, in terms of the weak vector and axial-vector form factors, describing the structure-
dependent part of the decay amplitude, are valid also for the decay τ± → K± ντ γ after trivial
substitutions of the corresponding constants. We demonstrate the essential decrease of the
inner bremsstrahlung contribution in comparison with the structural one with increase of
the photon cut energy. In numerical calculations the vector and axial-vector form factors
are determined using the chiral effective theory with resonances (RχT).
2I. INTRODUCTION
The τ−lepton physics attracts a large attention of both, theoreticians and experimentalists,
from the day of its discovery up to nowadays. The review of the different aspects of τ physics can
be found in Refs. [1, 2] . In the last years, the interest to different τ decays is stimulated by the
plans to construct and run Super KEKB (Japan), Super c− τ (Russia) and Super c− τ (HIEPA,
China) facilities [3–6] , where it will be accumulated more than 1010 events with polarized τ, and
the modern status of these facilities is discussed in Refs. [7, 8].
Besides, the investigation of a new physics beyond Standard Model (SM) in leptonic decays
(such as the lepton flavor violation, CP violation and so on) the special interest represents also
the study of τ decays into states containing hadrons (semileptonic decays). In such decays, in
accordance with SM, the virtual state of the charged vector boson (W±) is created, and then it
decays into hadrons
τ± → ντ +W± → hadrons.
This last decay we call as ”hadronization of the weak charged currents”.
The energy region of the last transition (W± → hadrons) corresponds to the hadron dynamics
which can not be described by the perturbative QCD. Since the complete theory of the non-
perturbative QCD is absent at present, the hadronization phenomenon, in this energy region, is
described by means of weak phenomenological form factors depending on the squared hadrons
invariant mass t (t is also the difference of the τ− and ντ 4-momenta squared). Note that every
separate channel with hadrons requires its own set of form factors.
The simplest semileptonic τ lepton decay is τ− → π−ντ . However, in this case, the hadronization
of the weak currents is described by the form factors at fixed value of t. There is the possibility
to investigate weak form factors in the radiative transition W → πγ, where t, in this case, is the
squared invariant mass of the π − γ system. The one-pseudoscalar meson radiative τ decay τ− →
π−ντγ is very suitable process to extract information about the t−dependence of the corresponding
weak form factors. It has been considered in the number of theoretical works [9–14], in which the
double-differential decay rate were obtained in terms of vector v(t) and axial-vector a(t) form
factors, as well as some distributions over the photon or pion energy and the total decay rate were
estimated by numerical integration. Certain polarization phenomena in the polarized τ decay τ− →
π−ντγ have been considered in Ref. [12] where the general expressions for the Stokes parameters
3of the emitted photon itself have been calculated. The different theoretical models of the vector
and axial-vector form factors have been used in these works.
In spite of the large enough value of the integrated decay rates ratio: R = Γ(τ → ντπγ)/Γ(τ →
ντπ) = 1.4 · 10−2 (Ref. [9]) and R = 1.0 · 10−2 (Ref. [11]), the radiative τ decay was not recorded
surely up to now. The attempt to measure the τ radiative decays, τ → lγνν¯ (l = e, µ) and
τ → πγν, has been done using the BaBar detector of the PEP-II asymmetric B-factory [15]. In
this experiment, it was required that a neutral deposit of energy in calorimeter must be greater
than 50 MeV. The BaBar experiment allowed to collect about 5· 108 τ -pairs (that is two orders of
magnitude more than it was done by CLEO [16]) but the final efficiency for the mode τ → πγν
turned out very small and efficient background reduction technique at BaBar measurements requires
new investigation [15]. The study shows that further investigation is necessary to extract useful
information about the τ -lepton decay parameters.
The complete analysis of the polarized phenomena in the decay τ− → π−γντ have been per-
formed in Ref. [17] where the following polarization observables have been calculated: the asym-
metry caused by the τ lepton polarization, the Stokes parameters of the emitted photon itself and
the spin correlation coefficients which describe the influence of the τ lepton polarization on the
photon Stokes parameters. All these quantities were calculated as a functions of the photon energy
or the t variable. The azimuthal dependence of these observables have been calculated in Ref.[18].
The so-called up-down and right-left asymmetries are also calculated.
The amplitude of the radiative decay τ− → ντπ−γ contains the infrared divergence due to the
inner bremsstrahlung contribution. So, the integrated decay rates and polarization observables
must depend on the photon-energy cut (or the meson-photon invariant mass cut). Since this
dependence is not trivial it is worth to investigate it more thoroughly.
In this paper, we obtained the analytical expressions, as a function of the photon-energy cut, for
the t-distribution for the different observables for both polarized and unpolarized τ lepton decay
and illustrate results by numerical estimations. We consider the asymmetry of the differential decay
width caused by the τ lepton polarization and the Stokes parameters of the emitted photon and
the correlation parameters, namely, the dependence of the Stokes parameters on the polarization
of the decaying τ lepton. These physical quantities are estimated numerically for an arbitrary
direction of the τ lepton polarization 3-vector in the rest frame.
4II. FORMALISM
Amplitude of the semi-leptonic radiative decay of τ lepton
τ−(p)→ π−(q) + γ(k) + ντ (p′) (1)
contains the structureless and structure dependent (resonance) parts
Mγ = Z
(
MIB +MR
)
, Z = eGFVudFpi .
Here e2/4π = α = 1/137 , GF = 1 .166 · 10−5GeV −2 is the Fermi constant of the weak interactions,
Vud = 0.9742 is the corresponding element of the CKM-matrix, Fpi = 92.42MeV is the constant
which determines the decay π− → µ−ν¯µ.
The structureless amplitude is responsible for the radiation by τ lepton and pseudoscalar meson
within the point-like scalar electrodynamics
iMIB =Mu¯(p
′)(1 + γ5)
[ kˆγµ
2(kp)
+
Neµ1
(kp)(kq)
]
u(p)ε∗µ(k) , (2)
where M is the τ lepton mass, and εµ(k) is the photon polarization 4-vector. The rest notation is
eµ1 =
1
N
[
(pk)qµ − (qk)pµ] , (e1k) = 0 , e21 = −1 ,
N2 = 2(qp)(pk)(qk) −M2(qk)2 −m2(pk)2 ,
where m is the π−meson mass.
In the τ−lepton rest frame the differential width reads
dΓ =
1
4M(2π)5
|Mγ |2 dΦ , dΦ = d
3k
2ω
d3q
2ǫ
δ(p′2) , (3)
where ω (ǫ) is the energy of the photon (pseudoscalar meson).
The structure dependent amplitude allows for the possibility of the virtual radiative transition
W − → π− + γ. It is expressed in terms of complex vector v(t) , t = (q + k)2, and axial-vector
a(t) form factors which describe, on the phenomenological level, the hadronization process of the
charged weak currents [9–14, 17–19]
iMR =
Z
M2
u¯(p′)(1 + γ5)
{
iγα(αµkq)v(t) −
[
γµ(qk)− qµkˆ]a(t)}u(p)ε∗µ(k) , (4)
5(αµkq) = ǫαµνρkνqρ , ǫ
0123 = +1 , γ5 = iγ
0γ1γ2γ3 , T rγ5γ
µγνγργλ = −4iǫµνρλ .
Our normalization of the structural amplitude is, up to overall phase factor, the same as in
Ref. [12] where the authors use as the value of the pion decay constant the quantity
√
2Fpi as
compared with our’s one but they compensate this distinction by introducing the factor
√
2 in
the denominator of the value Z in Eqs. (3 ,4). As concerns some other cited above papers, the
amplitudes of Refs [11, 13] can be derived from our ones by the substitutions
v(t)→ M
2 FV (t)√
2mFP
, a(t)→ −M
2 FA(t)√
2mFP
,
and the amplitudes of the Ref. [14, 19] by
v(t)→ −M
2 FV (t)
FP
, a(t)→ 2M
2 FA(t)
FP
.
The main interest to study decay (1) is the extraction of information about these form fac-
tors. As we note in the Introduction, in the high luminosity electron-positron colliders, such as
SuperKEKB (Japan) and Super c − τ (Russia) [7, 8], it is expected to obtain about 1010 events
with polarized τ+τ− pairs. It means that, in accordance with the theoretical estimation, at these
facilities one can receive and analyse more than 106 radiative decays with pion only.
If τ lepton, in decay (1), is unpolarized then the decay width depends only on two variables
which can be chosen as energies of the photon and pseudoscalar meson, but to study form factors
it is convenient to chose the photon energy and variable t, which vary in the limits
t− ≤ ω ≤ t+ , t− = t−m
2
2M
, t+ =
M(t−m2)
2t
; m2 ≤ t ≤ M2 .
In a number of the cited papers, the authors perform the analytical integration over the photon
energy inside the above limits and write down the expression for dΓ(t)/d t.
But because of the infrared behaviour of the structureless contribution that exhibits itself by
convergence of this contribution at t→ m2, the low-energy radiation leads to large background in
studying the form factors. That is why it is need to cut the low-energy photon radiation and to
select only the events with the restriction ω > X. Some optimal value of X has to be chosen in
order to reduce significantly the structureless contribution and do not lose the resonance one. In
this case, the region of the variables ω and t is shown in Fig. 1 (right panel), where
tx2 =
m2M
M − 2X , tx1 = 2MX −m
2 .
We see that in the region 2, where t > tx2, the t−distribution remains unchanged, whereas in
the region 1 (tx1 < t < tx2) it depends on the value of the photon-energy cut and requires some
6−→q
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z
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θ1 θ2
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FIG. 1. Definition of the angles for a polarized radiative τ decay at rest (left panel) ; the region of variation
of the photon energy ω and variable t for events with ω > X(right panel).
modification. Further, we perform the corresponding calculations, give the modified t−distributions
for different observables for both polarized and unpolarized τ lepton decays and illustrate results
by numerical estimations.
In general case, to study polarization effects, it is convenient to represent the matrix element
squared in the following form
|Mγ |2 = Σ+ Σi, Σ = T µν(e1µe1ν + e2µe2ν) , Σ1 = T µν(e1µe2ν + e2µe1ν) , (5)
Σ2 = −iT µν(e1µe2ν − e2µe1ν) , Σ3 = T µν(e1µe1ν − e2µe2ν) , eµ2 =
(µpqk)
N
,
where the expression for the tensor T µν is given in [17]. If τ lepton is polarized then
Tµν = T
0
µν + T
S
µν , Σ = Σ
0 +Σ
S
, Σi = Σ
0
i +Σ
S
i ,
where the upper index ”0 (S)” corresponds to unpolarized (polarized) τ lepton, and we can define
the polarization asymmetry A
S
, the Stokes parameters of the photon itself ξi and the correlation
parameters ξ
S
i as
A
S
=
Σ
S
dΦ
Σ0dΦ
, ξi =
Σ
0
idΦ
Σ0dΦ
, ξ
S
i =
Σ
S
i dΦ
Σ0dΦ
. (6)
Thus, to analyze the polarization phenomena in the process (1), we have to study both the
spin-independent and spin-dependent parts of the differential width. In accordance with Eq. (3),
they are
dΓ0
dΦ
= gΣ
0
,
dΓ
S
0
dΦ
= gΣ
S
,
dΓi
dΦ
= gΣ
0
i ,
dΓ
S
i
dΦ
= gΣ
S
i , g =
1
4M(2π)5
.
7We note that by partial integration in the numerators and denominator in the relations (6), we
can define and study also the corresponding reduced polarization parameters. It is obvious that
the quantities A
S
and ξ
S
i vanish if the full angular integration is performed. Therefore, to study
corresponding polarization effects we have to extract the contributions to the differential decay
width from certain regions of the photon angular phase space.
III. ANGULAR PHASE SPACE AND CLASSIFICATION OF THE
POLARIZATION-DEPENDENT OBSERVABLES
As we mentioned above, the decay width does not depend on any angles if τ lepton is unpo-
larized. In this case, we can define the differential decay width and the Stokes parameters of a
photon [12, 17, 18]. But there is additional 3-vector in the rest frame of the polarized τ which
is just its polarization Sµ = (0,n),n2 = 1. Therefore, the angular dependence of the decay
width arises due to appearance of the polarization dependent terms containing (Sk), (Sq) and
(Spqk) = ǫµνλρS
µpνqλkρ. In the τ lepton rest frame we chose the coordinate system with Z axis
along direction n and 3-vector q in the plane (Z X) as it is shown in Fig. 1 (left panel) and have
(Sq) = −|q|c1 , (Sk) = −ωc2 , (Spqk) =M |q|ωs1 s2 sinφ , s1 s2 sinφ = sign(sin φ)K , (7)
K =
√
1− c21 − c22 − c212 + 2c1c2c12 ,
where we use the notation ci = cos θi , si = sin θi , (for the definition of the angles see Fig. 1).
The phase space in Eq. (3) can be written in terms of the photon energy ω, variable t and the
angles defined in Fig. 1 as in Ref. [18]
dΦ =
2π dω dt
16M
δ(c12 − c1c2 − s1s2 cosφ)dc1dc2dφ , (8)
where the factor 2π reflects the freedom in choosing of the (Z X) plane. In this paper, we do
not consider the azimuthal distributions, nevertheless we will distinguish the events with the full
azimuthal integration (0 < φ < 2π), and with the separate one in the regions (0 < φ < π) and
(π < φ < 2π). In the first case, only the terms containing (Sq) and (Sk) will contribute, whereas
in the second one we have the possibility to study the effects due to the term (Spqk) taking the
difference of events in these regions.
For the full azimuthal integration one derives
δ(c12 − c1c2 − s1s2 cosφ)dc1dc2dφ = 2dc1dc2
K
, c1− < c1 < c1+ , c1± = c2c12 ± s2s12 . (9)
8We will analyse events with the pseudoscalar meson in the whole angular phase space, thus the
integration over c1 has to be performed from c1− up to c1+. The necessary integrals are∫
dc1
K
= π ,
∫
c1dc1
K
= πc2c12 ,
and the quantity |q| c12, which arises after such integration of the terms containing (Sq), can be
expressed in terms of the photon energy and variable t, namely
|q| c12 = M
2 + t
2M
− t−m
2
2ω
− ω . (10)
If τ lepton is unpolarized, the differential decay width does not depend on any angles and the
event number in the upper hemisphere (0 < c2) equals to the event number in the lower one
(0 > c2). In the case of polarized τ this equality is broken and we can define the corresponding
asymmetry as a ratio of the difference and sum of the events number accumulated in the upper
and lower hemispheres. Such kind of asymmetry we call as the up−down one. In principle, the
same situation is valid if we want to analyse the influence of τ -lepton polarization on the photon
Stokes parameters.
We can also separate events with the photon in the right (0 < φ < π , sinφ > 0) and left
(π < φ < 2π , sinφ < 0) hemispheres for all its polar angles. The ratio of the difference and
sum of the events number accumulated in the right and left hemispheres we call as the right−left
asymmetry. This asymmetry appears due to the factor (Spqk) in the matrix element squared, and
integration of this factor over the polar angles in the right hemisphere reads
1∫
−1
d c2
c1+∫
c1−
d c1
(Spqk)
K
= πM |q|ωs12 , |q|ωs12 =
√
t(ω − t−)(t+ − ω) , (11)
whereas in the left hemisphere this factor contributes with the opposite sign.
IV. DISTRIBUTION OVER THE INVARIANT MASS SQUARED OF THE
PHOTON-PSEUDOSCALAR MESON SYSTEM
Because the polarization observables are normalized by the unpolarized decay width (see rela-
tions (6)), we have firstly to write the analytic t−distribution for the unpolarized case taking into
account the cut on the photon energy ω > X. In the region 2, this distribution is standard (as
in the above cited papers) and only contribution of the region 1 requires some modification. The
integration of the double differential decay width over the photon energy in this region results
9dΓ0x
d t
= P
[
I0x(t,X) + (|a(t)|2 + |v(t)|2)A0x(t,X) +Re[a∗(t)v(t)]D0x(t,X) (12)
+Re(a(t))B0x(t,X) +Re(v(t))C0x(t,X)
]
, P =
Z2
28π3M2
,
I0x(t,X) =
4MLx
[
m4 − 2M2 (−m2 +M2 + t)+ t2]
m2 − t
+
4MΩx
[
MX
(
t
(
2M2 − t)−m4)+ t (m2 −M2) (m2 − t)]
tX (m2 − t)2 , Lx = ln
M(t−m2)
2Xt
,
A0x(t,X) = −
Ωx
[(
m2 − t)2 (M4 − 3t2)+ 2MtX ((t−m2) (M2 + 3t)− 4MtX)]
3M4t2
,
B0x(t,X) =
4Lx
(
t−m2) (m2 − 2M2 − t)
M
− 4Ωx
[(
m2 − t) (−m2 +M2 + 3t)+ 2MtX]
t (m2 − t) ,
C0x(t,X) =
4Lx
(
m2 − t)2
M
+
4
(
t−m2)Ωx
t
,
D0x(t,X) = −
2Ωx
(
m2 − t) (m2 + 2MX − t)
M4
, Ωx = 2t(X − ω+) .
The resonance contribution containing Re[a∗(t)v(t)] is absent for the entire photon phase space.
It is easy to verify this noting that D0x(t, ωmin) = 0 because the factor (m
2 + 2MX − t) is just
2M(X − t−) . The effect of the photon-energy cut, for the unpolarized case is shown in Fig. 2.
The numerical calculations of the analytical expressions for various observables were performed
with two sets of the parameters which are taken from the chiral effective theory with resonances
needs for the estimation of the form factors. The first set is chosen as given in Ref. [17] and
called there (and in this paper) as the set 1. The second one is taken from Ref. [20] and in the
calculations we call it as the set 3. It was obtained using a good fit for the pions invariant-mass
squared distribution of the decay width in τ → πππντ , measured by ALEPH [21] . The essential
point of the set 3, as compared with the set 1, is the difference in accounting of the ρ′ resonance
to the vector form factor. For the set 1 we use (see for details [17])
v(t) = −fV (t) M
2
mFpi
√
2
, fV (t) =
√
2 m
Fpi
[ Nc
24π2
+
4
√
2 hV FV t
3 mρ[m2ρ − t− imρΓρ(t)]
]
(13)
10
and
FA = 0.1368 GeV, FV = 0.1564 GeV, mρ = 0.7755 GeV.
For the set 3, in accordance with Eqs. (32, 33) of the Ref. [20] , we substitude in (13)
1
m2ρ − t− imρΓρ(t)
→ 1
1 + βρ′
[ 1
m2ρ − t− imρΓρ(t)
+
βρ′
m2ρ′ − t− imρ′Γ′ρ(t)
]
,
where the ρ′ width is given by its two pion decay
Γρ′(t) = Γρ′(m
2
ρ′)
mρ′√
t
( t− 4m2
m2ρ′ − 4m2
)3/2
.
The corresponding values of the model parameters are
FV = 0.18 GeV, FA = 0.149 GeV, mρ = 0.775 GeV, mρ′ = 1, 485 GeV,
βρ′ = −0.25, Γρ′(m2ρ′) = 400 MeV .
As concerns the axial-vector form factor, for the set 1
a(t) = −fA(t) M
2
mFpi
√
2
, fA(t) =
√
2 m
Fpi
[ F 2A
m2a1 − t− ima1Γa1(t)
+
FV (2GV − FV )
m2ρ
]
(14)
with ma1 = 1.230 GeV, GV = 0.06514 GeV and Γa1(t) as given by Eq. (49) in [17] (it taken from
[22, 23]). For the set 3 we use the same form of a(t) but with ma1 = 1.120, GV = (F
2
V − F 2A)/FA
and Γa1(t) in accordance with Eq. (17) in Ref. [24]. As concerns the contribution of the a
′
1 into
axial-vector form factor, we do not account it keeping in mind the result of the Ref. [25] where it
was shown that the description of the decay τ− → π−ντ , it is enough to use standard NJL model,
where only the axial-vector meson a1 was taken into account.
Having the model for the resonance contribution we can predict the branching ratio of the
τ → (a1 → π− + γ) + ντ decay estimated experimentally as [26] (4.0 ± 2.0) · 10−4 .
To obtain the respective number we have to integrate differential decay width (12) over the
region the a1−meson contribution, namely from (Ma1−Γa1/2)2 up to (Ma1+Γa1/2)2 and divide the
result by the total τ lepton width Γ = 2.27 ·10−12 GeV. We perform two estimations, i) integrating
all the contributions in the r.h.s. of Eq. (12) and ii) leaving the axial-vector contribution only.
For the set 3 we derived the values 3.8 · 10−4 and 2.8 · 10−4, respectively for the branching ratio.
For the sets 1 and 2 (ma1 = 1.23 GeV ) we received the values about three and ten times smaller,
respectively. When calculating we took Γa1 = 0.5 GeV.
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FIG. 2. The t−distribution of the radiative decay width of the unpolarized τ lepton, in GeV−1 and t in
GeV2 . In the region 2 we used the analytical expression given by Eq. (55) in Ref. [17], whereas in the
region 1 − modified expression as defined by Eq. (12). In the upper row the sum of all contributions is
shown. The left (middle) panel corresponds to description of the vector and axial-vector form factors chosen
in Ref. [17] which labeled as set 1 (2). The form factors used in the right panel differ by accounting ρ′ in
the vector form factor and a1 propagator in the axial-vector form factor as explained in text, and we label
them as the set 3. In the second (lower) row the separate contributions (the structureless, resonance ones
and their interference) are shown for the set 1 (3).
For unpolarized τ lepton, we define the t− distribution of the photon Stokes parameters ξi(t), i =
1, 2, 3 as the ratios of the corresponding partial widths dΓ0i (t)/dt to dΓ
0(t)/dt. The modified
expression of the quantity dΓ1x(t,X)/dt that defines the parameter ξ1(t,X) due to the contribution
of the region 1 reads
dΓ1x
d t
= P
[
Im(a(t)∗v(t))A1x(t,X) + Im(v(t))C1x(t,X)
]
. (15)
12
It does not contain the pure IB contribution and it is valid for the choice of the 4-vectors eµ1 and
eµ2 as defined above. The simple calculation results
A1x(t,X) = −
2Ω2x
[(
t−m2) (M2 − 3t) + 4MtX]
3M3t2
,
C1x(t,X) =
4Ωx
[(
m2 − t) (M2 + 2t) + 2MtX]
t (m2 − t) − 8MLx
(
m2 − t) .
The modified quantity dΓ2x(t,X)/dt, which defines the circular polarization of the photon
(parameter ξ2(t,X)) reads
dΓ2x
d t
= P
[
I2x(t,X) +Re(a(t)
∗v(t))A2x(t,X) + [|a(t)|2 + |v(t)|2]D2x(t,X) (16)
+Re(a(t))B2x(t,X) +Re(v(t))C2x(t,X)
]
,
where
I2x(t,X) = 4M
[
Lx
(
m2 + 2M2 + t
)
+
Ωx
[
MX
(
m2 + t
)
+ t
(
t−m2)]
tX (t−m2)
]
,
A2x(t,X) = −2A0x(t,X) , B2x(t,X) = −C0x(t,X) ,
C2x(t,X) = −B0x(t,X) , 2D2x(t,X) = −D0x(t,X) .
The contribution with the factor [|a(t)|2 + |v(t)|2] vanishes if X = ωmin as it follows from the last
relation.
For the part of the differential width connected with the parameter ξ3(t,X) we have
dΓ3x
d t
= P
[
I3x(t,X) +
(|a(t)|2 − |v(t)|2)A3x(t,X) +Re(a(t))B3x(t,X)] , (17)
I3x(t,X) =
4MΩx
(
M2 −m2) (−m2 + 2MX + t)
X (m2 − t)2 −
8MLx
(
M2 −m2) (M2 + t)
m2 − t ,
2A3x(t,X) = −A1x(t,X) , B3x(t,X) = −C1x(t,X) .
The reduced Stokes parameters as a function of the variable t with restriction on the photon
energy are shown in Fig. 3.
Let us consider the P-odd effects due to the terms containing (Sq) and (Sk) in the matrix
element squared in the case of polarized τ lepton. The corresponding differential decay width
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FIG. 3. The t−distribution of the Stokes parameters defined by Eq. (6) for the set 1 used in Ref. [17] (upper
row) and set 3 (lower row). The parameters ξ1 and ξ3, which describe the linear polarization of the photon,
are determined relative to the orthogonal planes (k, q) and (e2, k) in the rest frame of the τ lepton.
contains polarization-independent and polarization-dependent parts, that is proportional to c2,
and can be written as
dΓ0
d t dc2
=
1
2
[dΓ0(t)
d tdc2
+
c2 dΓ
S
0 (t)
d tdc2
]
. (18)
The elementary angular integration in the upper and down hemispheres gives
dΓ
(up)
0
d t
=
1
2
[dΓ0(t)
d t
+
1
2
dΓ
S
0 (t)
d t
]
,
dΓ
(dn)
0
d t
=
1
2
[dΓ0(t)
d t
− 1
2
dΓ
S
0 (t)
d t
]
.
Now we define the up-down asymmetry as the ratio
Aud(t) =
dΓ
(up)
0 /dt− dΓ(dn)0 /dt
dΓ
(up)
0 /dt+ dΓ
(dn)
0 /dt
=
1
2
dΓ
S
0 (t/dt)
dΓ0(t)/dt
, (19)
where dΓ0(t)/dt is defined by Eq. (12) in the region 1 and by Eq. (55) of the Ref. [17] in the region
2. As concerns the polarization-dependent part of the decay width in the region 1 it reads
dΓ
S
0 (t,X)
d t
= P
[
I
S
0 (t,X) +
(|a(t)|2 + |v(t)|2)AS0 (t,X)+ (20)
Re(a(t)∗v(t))B
S
0 (t,X) +Re(a(t))C
S
0 (t,X) +Re(v(t))D
S
0 (t,X)
]
,
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I
S
0 (t,X) =
2MΩx
[
2MX2
(
m4 + t
(
2M2 + t
))
+ 2tX
(
t−m2) (m2 + 3M2 + t)−Mt (m2 − t)2]
tX2 (m2 − t)2
−4MLx
(
m4 + 2m2M2 + 2M4 + 6M2t+ t2
)
m2 − t ,
A
S
0 (t,X) = −
Ωx
[(
m2 − t)2 (M4 − 6M2t− 3t2)− 2MtX ((m2 − t) (M2 + 3t)+ 4MtX)]
3M4t2
−2Lx
(
m2 − t)3
M3
,
B
S
0 (t,X) =
4Lx
(
m2 − t)3
M3
+
2Ωx
(
t−m2) [(m2 − t) (2M2 + t)+ 2MtX]
M4t
,
C
S
0 (t,X) = −
4Ωx
[
MX
(
m2 − t) (m2 +M2 + 3t)− t (m2 − t)2 + 2M2tX2]
MtX (m2 − t)
+
4Lx
(
m2 − t) (m2 + 4M2 + t)
M
,
D
S
0 (t,X) =
4Ωx
[
MX
(
m2 + t
)
+ t
(
t−m2)]
MtX
− 4Lx
(
m2 − t) (m2 + 2M2 + t)
M
.
In the region 2 the corresponding expressions for I
S
0 (t), A
S
0 (t), B
S
0 (t), C
S
0 (t) and D
S
0 (t) are given
by the relations (59) of Ref. [17].
The similar procedure can be applied to extract the polarization-dependent parts of the Stokes
parameters (the correlation parameters) ξ
(ud)
i keeping in mind that the quantities dΓ
S
i (t, c2)/dtdc2
are also proportional to c2. Provided that the normalization of the correlation parameters is carried
out by the polarization-independent part of the decay width, we can write by analogy with Eq. (19)
ξudi (t) =
1
2
dΓ
S
i (t/dt)
dΓ0(t)/dt
. (21)
In the region 1, we have for the quantities connected with the correlation parameters the result
dΓ
S
1 (t,X)
dt
= P
[
Im(a(t)∗v(t))B
S
1 (t,X) + Im(a(t))C
S
1 (t,X) + Im(v(t))D
S
1 (t,X)
]
, (22)
B
S
1 (t,X) = A1(t,X) , C
S
1 (t,X) =
8Lx
(
m2 − t) (M2 + t)
M
− 4Ωx
(−m2 + 2MX + t)
MX
,
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D
S
1 (t,X) =
4Ωx
[
2M2X2t+MX(m2 − t)(M2 + 4t)− t(m2 − t)2]
MXt(m2 − t) −
8Lx
(
m2 − t) (2M2 + t)
M
,
dΓ
S
2 (t,X)
dt
= P
[
I
S
2 (t,X) + (|a(t)|2 + |v(t)|2
)
A
S
2 (t,X) +Re(a(t)
∗v(t))B
S
2 (t,X)+ (23)
Re(a(t))C
S
2 (t,X) +Re(v(t))D
S
2 (t,X)
]
,
I
S
2 (t,X) =
M2
m2 − tD
S
0 (t,X) , B
S
2 (t,X) = −2A
S
0 (t,X) ,
C
S
2 (t,X) = −D
S
0 (t,X) , D
S
2 (t,X) = −C
S
0 (t,X) ,
A
S
2 (t,X) =
(
m2 − t)Ωx [(m2 − t) (2M2 + t)+ 2MtX]
M4t
− 2Lx
(
m2 − t)3
M3
,
dΓ
S
3 (t,X)
dt
= P
[
I
S
3 (t,X)+(|a(t)|2−|v(t)|2
)
A
S
3 (t,X)+Re(a(t))C
S
3 (t,X)+Re(v(t))D
S
3 (t,X)
]
, (24)
I
S
3 (t,X) =
8MLx
[
m2
(
M2 + t
)
+M2
(
M2 + 3t
)]
t−m2
+
2MΩx
[
−2X (m2 − t) (m2 + 3M2 + t)+ 4MX2 (m2 +M2)−M (m2 − t)2]
X2 (m2 − t)2 ,
A
S
3 (t,X) = −
1
2
A1(t,X) , C
S
3 (t,X) = −D
S
1 (t,X) , D
S
3 (t,X) = −C
S
1 (t,X) .
The corresponding numerical results are illustrated in Fig. 4, where we show the t-distributions
of the up-down asymmetry and the correlation parameters for different photon energy cuts.
Up to now we considered the P-odd polarization effects caused by the terms (Sq) and (Sk) in the
matrix element squared. To describe the P-even effects, we have to analyse the contribution caused
by the term (Spqk) in the matrix element squared. This contribution is proportional to sinφ and
have the opposite sings in the right (0 < φ < π) and left (π < φ < 2π) hemispheres. Therefore,
the P-even effects can manifest themselves as the difference of the events in these hemispheres.
We denote the corresponding right-left asymmetry and the correlation parameters as A
RL
(t) and
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FIG. 4. The t−distribution of the up-down decay width, the polarization asymmetry and corresponding
correlation parameters defined by Eq. (19) for the set 1 used in Ref. [17] (the first two panels in the upper
row and the second row) and for the set 3 (the last two panels in the upper row and the lower row). All
these quantities arise due to the P-odd terms (Sk) and (Sq) in the matrix element squared.
ξi
RL(t), respectively. By analogy with the corresponding up-down quantities, they can be written
as
A
RL
(t) =
1
2
dΓ
RL
0 (t/dt)
dΓ0(t)/dt
, ξi
RL(t) =
1
2
dΓ
RL
i (t/dt)
dΓ0(t)/dt
, (25)
In the region 2 when X = t−, all these quantities are given by Eqs. (12-15) in Ref. [18]
To find these quantities for the restricted photon phase space, we have to calculate the following
integrals (see also Eq. (11))
J0x(t,X) =
ω+∫
X
|q|ωs12 dω =
√
t
8
{
(ω+ − ω−)2
(π
2
+ arcsin
[ω+ + ω− − 2X
ω+ − ω−
])
(26)
+2(ω+ + ω− − 2X)R
}
, R =
√
(X − ω−)(ω+ −X) ,
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J1x(t,X) =
ω+∫
X
|q|s12 dω =
√
t
2
{
(
√
ω+ −√ω−)2π
2
+ (ω+ + ω−) arcsin
[ω+ + ω− − 2X
ω+ − ω−
]
(27)
+2
√
ω+ω− arcsin
[X(ω+ + ω−)− 2ω+ω−
X(ω+ − ω−)
]
− 2R
}
,
J2x(t,X) =
ω+∫
X
|q|s12
ω
dω =
√
t
2
√
ω+ω−
{
(
√
ω+−√ω−)2π
2
−(ω++ω−) arcsin
[X(ω+ + ω−)− 2ω+ω−
X(ω+ − ω−)
]
(28)
−2√ω+ω− arcsin
[ω+ + ω− − 2X
ω+ − ω−
]
+
2R
√
ω+ω−
X
}
.
In terms of these integrals we have
dΓ
RL
0x
d t
= P
[
Im(a(t))C
RL
0x (t,X) + Im(v(t))D
RL
0x (t,X)
]
, (29)
C
RL
0x (t,X) =
−8 [J1x(m2 +M2)(m2 − t) + 2MJ0x(m2 + t)]
M(m2 − t) ,
D
RL
0x (t,X) = 8
[
2J0x − J1x(M
2 −m2)
M
]
for the quantity that defines the right-left polarization asymmetry. The rest quantities dΓ
RL
ix /dt
are defined as
dΓ
RL
1x
d t
= P
[
I
RL
1x (t,X)+
(|a(t)|2−|v(t)|2)ARL1x (t,X)+Re(a(t))CRL1x (t,X)+Re(v(t))DRL1x (t,X)] , (30)
I
RL
1x (t,X) = 8M
2
[
J2x − 2M J1x
t−m2
]
, A
RL
1x (t,X) = −
8J0x(t−m2)
M2
,
C
RL
1x (t,X) = −8
[
2J0x +
J1x(M
2 − t)
M
]
, D
RL
1x (t,X) = −8
[2J0x(m2 + t)
m2 − t +
J1x(M
2 + t)
M
]
,
dΓ
RL
2x
d t
= P
[
Im(a(t))C
RL
2x (t,X) + Im(v(t))D
RL
2x (t,X)
]
, (31)
C
RL
2x (t,X) = −D
RL
0x(t,X) , D
RL
2x (t,X) = −C
RL
0x (t,X) ,
dΓ
RL
3x
d t
= P
[
Im(a∗(t)v(t))B
RL
3x (t,X) + Im(a(t))C
RL
3x (t,X) + Im(v(t))D
RL
3x (t,X)
]
, (32)
B
RL
3x (t,X) = 2A
RL
1x (t,X) , C
RL
3x (t,X) = D
RL
1x (t,X) , D
RL
3x (t,X) = C
RL
1x (t,X) .
In Fig. 5 we demonstrate the right-left effects caused by the P-even term (Spqk) in the matrix
element squared.
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FIG. 5. The t−distribution of the right-left decay width, the polarization asymmetry and the correlation
parameters defined by Eq. (25). The panels are the same as for the up-down case . All these quantities arise
due to the P-even term (Spqk) in the matrix element squared.
V. CONCLUSION
The analytical expressions for the partial differential width and some polarization observables
(the right-left and up-down asymmetries) in the process (1), as a function of the pion-photon
invariant mass squared t and the value of the photon-energy cut X, have been obtained in terms
of the t−dependent weak vector and axial-vector form factors. All our formulae, with the obvious
changes of the masses m → mK and values entering in the constant Z : Fpi → FK , Vud → Vus,
are applicable for the analysis of the decay τ± → K± ντ γ. In the last case, of course, one has
to use another expressions for the t− dependent form factors (see, for example, [11, 14]). Our
formulae are universal and can be suitable to test different theoretical approaches and models used
for the description of the t−dependence of the corresponding form factors. Among them are the
modifications of the vector dominance model [11, 12], the light-front quark model [13], different
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parameterizations of the chiral effective theory with resonances [14, 17, 27]. The interesting one
is the Nambu-Jona- Lasinio model and its extended version, which have been widely applied to
different semileptonic τ decays (see [28–31] and references therein).
Our calculations indicate large sensitivity to the parametrization of the form factor such quan-
tities as the differential decay widths dΓ0(t), dΓ
S
0 (t), and dΓ
RL
0 (t), the Stokes parameter ξ1(t),
the right-left asymmetry ARL(t) as well the correlation parameters ξud1 (t), ξ
RL
2 (t) and ξ
RL
3 (t).
It was shown the strong dependence of the separate contributions (IB, Resonance and Inter-
ference) on the X value. In the region t ≥ 0.5 GeV2, the resonance contribution dominates and
the relative contribution as compared with IB one increases essentially when photon-energy cut
becomes greater. Meanwhile, the total contribution, i. e., the t-distribution, decreases more slowly.
The Stokes parameters of the emitted photon, as a function of the variable t, show maximum
(at t ∼ 0.5 GeV2) and minimum (at t ∼ 1 GeV2) for the ξ1 and ξ2. The increasing of the photon-
energy cut X leads to the decreasing of the maximum and increasing of the minimum for the ξ1
parameter. The dependence of the ξ2 parameter on the variable X is opposite to the ξ1 behaviour.
The sensitivity of the Stokes parameters to the value X is essentially weak beyond the maximum
and minimum. The dependence of the ξ3 parameter on the variable X is similar to the ξ1 and ξ2
ones but the maximum and minimum take place at smaller t values.
The dependence of the up-down decay width and the polarization asymmetry Aud, as a function
of the variable t, on the photon-energy cut X is sizeable in the region of the maximum. The
correlation parameters ξud2 and ξ
ud
3 are weakly dependent on the variable X. The parameter ξ
ud
1 is
essentially dependent on the variable X in the region of the minimum.
The right-left decay width dΓRL0 /dt and the polarization asymmetry A
RL have strong depen-
dence on the variable X in the region of the maximum. The correlation parameter ξRL1 is weakly
dependent on the variable X, but the correlation parameters ξRL2 and ξ
RL
3 are strongly dependent
on the variable X in the region of the minimum (t ∼ 1 GeV2).
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